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Abstract 

We present the results for the local state probabilities (LSP) of the 
solvable lattice models, constructed around rational conformal field theory 
given by WZW model on SO{3)4r = SU{2)4r/Z2 together with primary 
field (^1 (symmetric tensor of degree 2). Some conjectures for the LSP for 
some higher rank relatives of An'^ face models are also presented. 


1 Introduction 

It was observed in numerous examples i0i that local state probabilities 
(LSP) of exactly solvable models in thermodynamic limit are expressed in terms 
of the characters of the conformal field theory. On the other hand the characters 
of the conformal field theory play the key role in completely different context 
Q, namely they enter as the building blocks into modular invariant partition 
function. Attempts to achieve the unified understanding of these issues were 
made ill, but the overall picture is still obscure. 

In this paper we present the results for the local state probabilities of ex¬ 
actly solvable lattice models constructed around rational conformal field theory 
(RCFT) given by WZW model on SO{3)4r = SU{2)411/Z2 together with the 
primary field fi. 

Boltzmann Weights of this model Q in the critical limit were found using 
the ansatz suggested at [^: 
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Here Bt, 
mere 

SU{2)4 rIZ 2, j 


is the braiding matrix of the WZW model on SO{3)411 = 
abels the field exchanged in the u-channel and Pj{u) are some 
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scalar functions depending on the conformal dimensions of the primary fields 
given by (See for the general case): 


Po{u) = 


sin(A — u) sin(a; — u) 


sin(A) sin(a;) 


Pi{u) = 


sin(A + u) sin(a; — u) 


sin(A) sin(a;) 


P2{u) = 


sin(A + u) sin(a; + u) 


(1.3) 


(1.4) 


sin(A) sin(a;) ’ 

where A, a; are the crossing parameters of the model that are related to the 
conformal weights of the fields appearing in the operator product expansion of 
field ())i with itself: (/>i x (/ii = 1 + (/>! + (/)2 




TT 


Lv — -^(^2 — Ai) — 2A, 


(1.5) 


where A,- are conformal weights of the primary fields. Projection operators 


are found from the braiding matrix Bi,^c 


</>101 


whose eigenvalues Xj are given 


by Xj = Note that the Boltzmann weights vanish, unless 

the admissibility condition is satisfied: 




> 0 , 


a,<pPH,4>P'‘c,4>P '‘^ ( 1 - 6 ) 

where Aj ^ are the fusion coefficients. The full elliptic solution of Yang Bax¬ 
ter equation which reduce in the critical limit to the trigonometric solution 
discussed above was found in |^] (See Sec. 2 ). 

In sequel we will often refer to the related model described in |^, 121, which 
may be considered as built around SU{2)k=m together with primary field 
4>i (symmetric tensor of degree 2). We will call this model diagonal one. 

The free energy and LSP of diagonal model were obtained at [^. It was 
shown that the free energies of the lattice model under consideration and diag¬ 
onal one are equal p. The LSP turns out to be different, but related in a way 
which will be described belowQ. 


2 Boltzmann Weights of the Model 

In this section we will recall the definition of the model . The lattice variables 
of the model under consideration are in one to one correspondence with the 
primary fields of the rational conformal field theory given by the WZW model on 
SO( 3 ) 4 r = SU{2)4^ji/Z 2 . The lattice variables may take the following value^: 
0,l,...,i?, R' 

The admissibility condition for the adjacent variables a, b is defined by the 
fusion coefficients , where cpi is the primary field with the lowest conformal 
dimension. Namely a ~ 6 iff 7 ^ 0. The graph corresponding to incidence 

matrix is shown at Fig.l. 

*I am grateful to Doron Gepner for informing me about his conjectures for the LSP 
^The WZW model on SO{ 3 )ar = SU{2)411 jZ2 has extended current algebra. The fixed 
point helds ifiR, (f)Ri have the same conformal weight and isospin, but differ by some additional 
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Figure 1: Admisibility graph 


The primary fields (lattice variables) at the Fig.l correspond to bold points 
and take values (from the left to the right): 0,1,i? — 1, -R, -R', where R, R' sit 
on the base of the right triangle. 

Boltzmann Weights that do not contain fields corresponding to the fixed 
point were found to be identical to those of Ai model related to symmetric 
tensor of degree 2 or Bi model related to the vector representation |^|. 


OO 

0i(w,p) = 2p3 sinu (1 — cos(2tt) +p‘^”')(l - p^"') = [rt], (2.1) 

n=l 


J 


i+1 j+i = 
i+2 
3 

i+1 i+i = 
i+i 


[A + u][uj + u] 

WP ’ 

[X + u\[{j + l)uj - u\ 

[A][(j + l)u;] ^ 


( 2 . 2 ) 

(2.3) 


quantum number 








J\ J - 


j+1 


[A + u] [joj + u] 




j y i+i = 
i+i 


[A + u ][«] y/[{j + 2)wJ[jwJ 
[A] [a;] [(j + lH • 


b+i = 


[n][A + u-to] V [O' + i)‘^][0 - 


[A]M 


[(j + 


j+H b+i = 


[A - u] [(2j + l)a; - m] [u] [{2j + |)w - m)] [ju] 


[A][(2j + l)a;] 


[X][{2j + lU [(J + IH’ 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 


i-n b-i = 


[A + m] [2juj + u] [u] [2ju; + A + u)] [(j - ^)w] 


[A][2ja 


[A][2jw] [{j + hM'' 


( 2 . 8 ) 



[X - u][{j + l)uj - u] 


M[(j + 1)^ - u] , [juj][{j + ^)uj] [(j + l)t^][(j - ^)^] x 

mj + hu 1(j + l)o.][(j + i)M [M[U + ^,)u;] 


(2.9) 


TT a; 
4/2 + 2 “ 2' 


( 2 . 10 ) 


Boltzmann Weights containing fixed point fields and different^ from those in 
gi are given by: 


R-l 


R' 


1 [A — it][(2i? — l)a> — u] 

2 [A][(2i2- l)a;] 


fl-i 


1 [u][{2R-X)uj-u)] [(12- l)a;] 

2 [A][(2i2-l)a;] [Ruj] 


1 [A + alio; + mI 

+ 2 m 


( 2 . 11 ) 


^Boltzmann Weights that are not listed here may be obtained from the crossing relation 


w 


fab 
y c d 


GiGd 

GaGj 


( d a 
b c 


— A — u 


Gj = (2 - &j,R — 5j,R')[{j + 2^^]’ 
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R-1 


A 1 [X - u][{2R - 1)UJ - u] 
"V 2 [A][(2i?-l)a;] 

R-l 


1 [m] [(2i? — i)a; — 16 )] [(i? — l)u;] 1 [A + i6] [w + u] 

^2 [A][(2i?- l)u;] [Kj] 2 [A]M 


R 


R-l 



R' 


[X + u\[uj — u] 


(2.13) 


R' 

[A-M][(j?+^)U6-M] 

[A][(i? + ^)uj] 

R' 

[t6][(i? + l)u; - Z6] + |)(x;] [(fl + l)u;][(fl - ^)u;] (2 14) 

[A][(i?+i)o;] ^[(i?+l)a;][(i?+i)u;] [Ru;][{R+^)co] ^ 

There are also other Boltzmann weights containing fixed point, but they may 
be obtained from Eqs.(2.2-2.10) by replacing in RHS R, R' by R in appropriate 
places, for example 



R 

[A -|- u] [Rw + u] 

R-l 

There are four critical regimes to be considered 



(2.15) 


Regime I —l<p<0, 0 < u < 2R-, 

Regime II 0<p<l, 0<rt< 2R; 

Regime III 0 < p < 1, —1 < rt < 0; 

Regime IV —l<p<0, —l<ii<0. 

In the subsequent sections we use the following notations. 

-,k 


k=l ^ 


n^Z 

oo 


ry(r) = g 24 n(l q = 


,2'KiT 


k=l 


(2.16) 

(2.17) 


(2.18) 
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Regime 

I 

II 

III 

IV 

P 

4R+2 

e 4R+2 

e 4R+2 

_e 4R+2 

X 

27r^ 

e 

47r^ 

e 

47r^ 

e 

27r^ 

e 

a 

1 

-1 

1 

-1 

q 

^AR 

^AR 

0 

X 

x^ 

Ua 

^(^2a-|-l^ _^‘2.R+1^ 

E(^^'2a+1 ^^AR+2) 



K 

{2a + l){a-2R) 

l(2a-hl)(2o-l-4R) 

0 

a + \ 


Table 1: 


3 Local State Probabilities 

3.1 Configuration Sums in Regimes II-III 

Following arguments of the appendix A of one may reduce the computation 
of the local state probabilities to the evaluation of the one dimensional config¬ 
uration sum Xm{a\b, c] q). In particular the local state probabilities are given 
by 


Pm (®| c) 


Xm{a\b, c; 

J2aX^"UaXm{a\b, c] q^)' 


(3.1) 


where Ua,x,q, \a,(J are dehned in the Table 1. In order to find this configuration 
sum we have to consider the Boltzmann Weights in the one dimensional limit. 
For our model in regimes II-III we find 


i?-l R-l 


R' {) R' = R {) R= -{1 + q), 


R-l R-l 

R-l R-l 


R' {} R = r{} R' = -{1-q), 


R-l R-l 


and otherwise 


d(^b = 


(3.2) 


(3.3) 


(3.4) 


One may observe that corner transfer matrix is not diagonal in this limit, but 
can be easily diagonalized. The configuration sum relevant for the evaluation 
of the local state probability in this regime is given by 


Xm{a\b, c)=Y^ (3 5 ) 

where the sum is over all admissible sequences such that li = a, Im+i = b, lm +2 = 
c and H{lj,lj^i,lj^ 2 ) is dehned as: 
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H[R — 1, R, R — 1) = 0 


(3.6) 


H{R-1,R',R-1) = 1, 
and otherwise 


— ^\lj ^j+2\- ( 3 - 7 ) 

Note that if the fragment of one dimensional sequence contains for example the 
following pattern R — 1,R',R — 1 or R — 1,R,R — 1, then variables R, R' here 
correspond to the labels of the eigenvalues of the corner transfer matrix, rather 
then for the spin variables^. In order to discuss the thermodynamic limit of the 
configuration sum Xm{a\h,c) we have to specify the ground states (6, c) which 
are given by: 

Regime II: (6, 6 + 1); 

Regime III: (6, c), 6 ~ c except for {R\ R — 1) and (R, R — 1) 

3.2 Configuration Sums in Regimes I-IV 

We will denote the configuration sum in these regimes by Ym{a\b, c). It is given 
by the Eq. (3.5) with H{x,y,z) defined by: 


R(R - 1, R', R-l)= H{R - 1, R, R - 1) = R(R, R', R) = R(R', R, R') = 0, (3.8) 

R(R,R-1,R) =R(R',R-1,R') = 2, (3.9) 

R(R, R - 1, R') = R(R', R - 1, R) = 1, (3.10) 

and otherwise 

H{x,y,z) = H{z,y,x) = Min(2 * (R - y), i(Min(2a; + l,2z+ 1) - 2y + 1)), (3.11) 

where again in the appropriate places in the RHS R, R' should be replaced by 
R. Ground states are given by 
Regime I: (R, R') or (R',R); 

Regime IV: (6, c), 6 ~ c and 6 + c < 2R — 2. 

3.3 Relation with the Diagonal Model 

In order to find the expressions of LSP in terms of modular forms we consider 
hrst the expressions, obtained for one dimensional configuration sum of the 
corresponding diagonal model. 

The configuration sums of the corresponding diagonal model in regimes II- 
III and regimes I-IV are denoted by Xm{a\b,c) and Ym{a\b,c) correspondingly. 

Xm{a\b,c) = (3,12) 

V„(a|6,c) (3.13) 

^The similar situation was encountered for the symmetric tensor Ai model in regime IV 
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Hix,y,z) = H{z,y,x) = Min(2 * (i? - y), i(Min(2a: + 1, 2z + 1) - 2y + 1)), y < R; 

(3.14) 

H{x,y,z) = Mm{-2*{R-y)-l,^{Max{2x + l,2z + l) + 2y + 3)), y > R. (3.15) 

In Eqs.(3.12,3.13) the sum is performed over sequences such that li= a h ^ 
... ~ Im+i = 5 ~ lm +2 = c, and admissibility condition isa~6ifFa — 6 = —1, 0 , 1 
and 0 + 6=1,2..., AR — 1. 

Let us consider for example configuration sums Xm(a|6, c), Xm(a|6, c), they 
are determined completely by the following recursion relations together with 
the initial condition^: 

Mo-\hx) = 5a,b. (3.16) 

d'^b 

Xm{a\b,c)=Y,Xm-Md,b)q'"^‘^^'^’^\ Xo(a|6,c) = (5a,6. (3.17) 

dr^h 

Using Xm{a\a{b),a{c)) = Xm{o'{a)\b,c), where cr(a) = 2R — a one may show 
for a,b < R: 


XMa)\b,c)=X^{a\a{b),a{c))= ^ l„,_i(a|d, a(6))r^("'‘^W’"('=» = 


(T{d')r^a‘{b) 

(3.18) 


Summing Eqs.(3.16,3.18) one may observe that Xmia\b,c) + Xm(cr(a)|6, c) 
obeys the same recursion relation together with initial condition as Xm(a\b,c) 
(See Eq.(3.17)), therefore we conclude!] that 

Xmia\b,c) = Xm{a\b,c) + Xm{cr{a)\b,c). 

Proceeding in the same manner one may arrive to the following relations be¬ 
tween the conhguration sum^ Xm{a\b, c), Ym{a\b, c) and Xm{a\b, c), Ym{a\b, c): 

Regimes II-III 


Xm(a|6, c) = Xm(a|6, c) + Xm(2i? - a|6, c), a,b,cj^R,R'; (3.19) 

XmiR\b,c) = Xm{R'\b,c) = XmiR\b,c), b,c^R,R'; (3.20) 

X^iR\R -1,R) = Xm{R'\R - 1, R') = Xm{R\R - 1, R') = 

^Note that admissibility conditions in Eqs.(3.16,3.17) are different 
''Note that similar arguments may be applied also in regimes I-IV 
**We list only those relations that are relevant for the evaluation of LSP in thermodynamic 
limit in specihed ground states 
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= Xm{R'\R -l,R) = Xm{R\R - 1, i?), (3.21) 

Xm{a\R - 1, i?) = X^{a\R - 1, R') = 

= Xm{a\R-l,R)+Xm{2R-a\R-l,R), a^R,R'- (3.22) 

Xm{R'\R\R) = Xm{R\R.R') ^ Xm{R'\R,R') = Xm{R\R',R), (3.23) 

X^{R'\R\ R) + R) = XMR, R). (3.24) 

Xm{R'\R', R) - XMR'. R) = (-1)'", (3.25) 

Xra{a\R-,R') = Xm{a\R',R) = Xm{a\R,R), a^R,R'. (3.26) 


Regimes I-IV 

Ym{a\b,c) =Yrnia\b,c)+Ymi‘^R-a\b,c), a,b,c^R,R'-, (3.27) 

Ym{a\R,R') = Ym{a\R',R) = Yrnia\R,R), aj^R,R'] (3.28) 

Ym{R\R', R) + Ym{R\R, R') = Y^R, R)- (3-29) 

Note that despite the similarity of the configuration sums Xmia\b, c), Ym{a\b, c) 
and Xrn{cL\b,c),Ym{a\b,c) the model under consideration and the diagonal one 
have different admissibility conditions, so that Eqs. (3.19-3.29) represent non¬ 
trivial combinatorial identities. 

3.4 Local State Probabilities in Terms of Modular Forms 

Using the expressions found in for the configuration sums Xmia\b, c), Ym{a\b, c) 
and Eqs. (3.16-3.26) one may easily obtain the following results: 


Regime I: The system is disordered, namely LSP does not depend on the 
background configuration. The LSP in the ground state[^ {R', R) + {R, R’) are 
given by: 


Pi (a) = 2c2a+i {'r)T 2 a+i (r) , a ^ R,R' 

(3.27) 

Pl(P) = Pl(P') = ^C2R+i{t)T2R+i{t), 

(3.28) 

C2a+l(r) - . 

viv 

(3.29) 


{B!,R) -\- {R,R') we mean the sum over the LSP that appear in {R', R) and {R,R') 
ground states separately 
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(3.30) 


‘^®Lu]2R+iix,x^)v{r) 


f2a+l 


(r) = 


0L’,2 k(®> a;2)0)^+-+i(a,^ 3.2) 

Regime II: Here the LSP in the ground state depends only on b 

Pii{a\b) = e^^2a('r)T2a+i(r), a^R,R' 

PiiR) = Pi{R') = ]:ei^Mx)T2R+i{T), 


h+>+)/ 


T2a+l{r) = X 4 


2S±l^L\^AR+2ix,X^) 


?7(r) 


(3.31) 

(3.32) 

(3.33) 


For Regimes III-IV define si=6-|-c, S 2 = b — c + 2 

Regime III: 

Pm{a\b,c) = (ci+i,,2a+l('^) +citi2.4iJ+l-2aW)^«i,^2,2a+l(T), u ^ R, R' (3.34) 


t si,S 2 , 2 a+l 


(r) = 


^2a^l,4R+lix, a:^^)01,2’^ (x, x"^) 




(-,+), 


PlIl(R| 6 ,c) = Plll(R>,c) = \{c^^\2,2R+lix)Ts^,S2,2R+l{T), 


.(+) 




I -L 

Pui{R'\R\R) = - ' P,,s2,2r+i{t), 

1 - (t) 

Pni(RlR',R) = - ^ r,,.,„2fl+i(r) 


Regime IV: 


Pivio-jb, c) — C^j^ l^ 2a+l(x)^si,S2,2a+l, a ^ R, R , 
PlY{R\b,c) = PlY{R'\b,c) = -c[^l^2R+lix)Tsi,S2,2R+l, 
^ia+iiR+lix, X^)e[~^^\x, x2) 


’^si,S2,2a+l 


(r) = 


(3.35) 


(3.36) 


(3.37) 

(3.38) 

(3.39) 

(3.40) 


0ii;2R-i(a^>a;2)0(^;+)(x,x2) 

The branching coefficients e*® ^3, ci)^,s2,s3) cii,s2,s3 defined below (See for de¬ 
tails p). 

In Regime II the coefficients efj are defined via decomposition of the 
characters of affine Lie algebra with respect to its subalgebra Ci^^: 
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(3.41) 




k=0 


In Regimes III-IV the branching coefficients ci)^,s 2 ,s 3 , ^re defined via the 

following identities: 




J2,m2 


0 


= E 








(3.42) 


where the sum in Eq.(3.42) is over such that 0 < js < m 3 , (—1)^-^^ = 

(— 1)^-^1 and js 7 ^ m 3 for e = + and mi, m 2 , m 3 are given by: 

mi = 4i2, m 2 = 4, m 3 = 4i? -|- 2, (Regime III), (3.43) 

mi = 2R — 1, m 2 = 4, m 3 = 2R -|- 1, (Regime IV). (3.44) 


3.5 Relation with Conformal Field Theory 

An automorphic property of local state probabilities enables to compute the 
critical behavior of various order parameters. In regime III the critical expo¬ 
nents of solvable lattice models provide realizations of anomalous dimensions 
of minimal models |15| of conformal field theory Q. 

For example LSP of diagonal model are expressed in terms of the char¬ 
acters of super conformal minimal models generated by the coset construction 
SU{2)k X SU{2)2/SU{2)k 1^, giving realization to the model corresponding to 
the diagonal {A, A) modular invariant H- 

The LSP of the model considered in this paper in regime III are given by 
(See Eqs. 3.34-3.37): 


Pm{a\b,c) = (ciE, 2 a+l('^) +clt.i2.4fi+l-2aM)^si.^2,2a+l(T), Q A R, R' 

Note that the combinations 2 a+i('^) + 4 H-i-i- 2 a (''")) equal to the 

characters of the super conformal minimal models labeled by (A 47 j_i, L> 2 R-i- 2 ) 
|R] modular invariant. 


„(+) 


4 Conjectures for the Higher Rank Models 

Consider the An^ face models [^] corresponding to the N-symmetric or N- 
antisymmetric tensor in Regime III: 0 < p < 1, < u < 0. It was 

conjectured in [O] that LSP of such models are given by 


p/ X ^ ^g,^?,a(a;’"+^)Xa(x’"+^g:, ...,x) 

“ X^(x”+i,x,...,x)x^(x"+i,x, ...,x)’ 


(4.1) 


where p = e ^,x = e Le and the identity defining branching coefficients 65 ,r;,a 
is: 
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X^{q,Zi,....,Zn)XviQ^^i^--^^n) = k,ri,a{9)Xa{q,Zl,-;Zn), (4.2) 


where Xa is the character of the An'^ module La with the highest weight a. 
The equation (4.2) describes the decomposition of the tensor module x 
(^ e Li_M,n,r] e LM,n) where 

Ll^n — — (^0 5 5 ■ ■■ - 7 O^n') f I Tl 1 -h (X^ O (Xq ^ (X\ ^ ^ (Xri ; ^ . (4.3) 


The identity (4.2) with the choice M = N or M = 1 is related with the 
An'^ face models corresponding to the N-symmetric or N-antisymmetric tensors, 
respectively. 

One may construct models related to the An'^ face models]^ around ratio¬ 
nal conformal field theory given by WZW model on SU{n + l)A:=(n-i-i)r/-^(n+i) 
together with the primary field (N-symmetric or N-antisymmetric tensor) start¬ 
ing with the trigonometric ansatz suggested in or alternatively using non- 
critical orbifold procedure suggested in |]T|. The admissibility condition now 
is defined by fusion coefficients of extended current algebra |11| and the lattice 
variables are restricted to be singlets of .^n+i. Denoting the fixed point fields 
by = 1, ...,n -|- 1 one may guess the following form of the LSP for these 
models: 


P{a) = 




6Z, 


...,x) 

X^(a:’^+^ X,..., x)x^(a:’^+i, X,..., x) 


n+1 




P{Rk = 


1 ,x, ...,x) 

(n -h 1) x^(x’"+i,x,...,x)x^(x’"+i,x, ...,x)’ 


(4.4) 

(4.5) 


where a is the external authomorphism. Note that the combinations '^aeZn+i ^i,ri,a{a) 
are again the characters of the coset models SU{n + l)M x SU{n+l)L-M/SU{n + 

1)l corresponding to the D modular invariant. 
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^^Below we assume for simplicity that n + 1 is a prime number 
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